The aim of this paper is to simulate the nonlinear wave propagation in granular chains of beads using a recently introduced multiple impact model and to compare numerical results to experimental ones. Different kinds of granular chains are investigated: monodisperse chains, tapered chains and stepped chains. Particular attention is paid to the dispersion effect, and the wave propagation in tapered chains, the interaction of two solitary waves in monodisperse chains, and the formation of solitary wave trains in stepped chains. We show that the main features of the wave propagation observed experimentally in these granular chains are very well reproduced. This proves that the considered multiple impact model and numerical scheme are able to encapsulate the main physical effects that occur in such multibody systems.
Introduction
The dynamics of chains of beads subjected to collisions has been the object of many studies for a long time. The most well-known example is the so-called Newton's cradle (see e.g. [3, §6.5.6] for references). Chains of beads are of interest for researchers in Solid Mechanics because it is a nice example of a system with multiple impacts (the system is subjected to several simultaneous impacts), and for research- Multiple impacts are known to be a challenging issue in the impact modeling, even for frictionless impacts (like in chains of aligned beads) [16, 43] . Despite their apparent simplicity, chains of beads possess a quite complex collision dynamics that involves two main physical effects: dissipation and dispersion of energy. The dissipation is mainly due to the local irreversible deformation at the contact/impact areas and may have many sources: viscosity, plasticity, sound, hysteretic effects, etc. The dispersion rather quantifies the way the initial energy of the chain (before the impact) is spread within the chain after the impact has occurred. The wave effects are responsible for the dispersion, which is due to the discrete nature of multi-body systems. For this reason wave phenomena have been extensively analyzed [39, 51] . The dissipation may have, on the other hand, an influence on the dispersion.
Obtaining good models of multiple impacts with reliable numerical methods is an important issue in the field of granular matter in general, and for chains of beads as a particular case. Models based on kinematic restitution coefficients (Newton's like) or on kinetic restitution coefficients (Poisson's like) are known not to be rich enough to correctly represent the dispersion effects. Moreover, they present serious deficiencies like non-uniqueness of the restitution coefficients for a given energetic behavior, or the necessity to estimate the restitution matrix for each chain and each initial data. Models based on Routh's impact dynamics [3, §4.2.13] and an impulse correlation ratio (ICR) have been proposed [5, 15] . However, it seems that the assumption that the ICR is constant during the impact process and can be estimated from experiments between triplets of beads may fail [43, §6.4] . Let us mention that kinematic laws and binary collisions (the contact gaps are assumed to be all open) are sometimes used [17] [18] [19] 47, 58] . This is also prone to some fundamental issues like the fact that it is not guaranteed, in general, that letting the gaps tend to zero (hence recovering the real system where the beads touch each other) yields a unique limit, because the trajectories may be discontinuous with respect to the initial data [42] .
Models based on the second order equation of motion with a linear or nonlinear spring modeling the interaction at each contact point have been extensively used [12, 14, 33, 35, 52, 61] . It is well known that this kind of models gives satisfactory results for elastic systems, in particular for chains of elastic balls. Therefore, most of studies on the wave propagation in granular chains carried out by physicists are based on this kind of models. However, the main difficulty of these models lies in the modeling of the dissipative behavior of mechanical systems. In fact, the loss of energy during the collision process results from many phenomena which can be ranged into two distinct categories: local and global phenomena. The local phenomena concern inelastic behaviors at the contact points between colliding bodies such as plasticity, viscosity, friction etc., while the global phenomena concern the conversion of energy into noise, light, vibrational waves inside the bodies, etc. The vibrational waves may be damped by the viscosity, plasticity inside the bodies afterward. In the case of massive bodies like balls, the global phenomena are very small compared to the local ones [25] , thus one needs to focus on the modeling of the dissipation of energy caused by the local phenomena. Let us assume that the local dissipation is mainly due to the viscosity and plasticity at the contact points, i.e. the friction is neglected, and discuss how the local dissipation is modeled.
Many works introduced the viscous dissipation with a linear or nonlinear dashpot coupled to a linear or Hertz's spring [4, 7, 22, 35, 48, 61] . This kind of models is usually called "spring-dashpot models". In this respect, there exist a variety of spring-dashpot models: [2, 4, 21, 27] . The assemblages of linear springs and linear dashpots may produce some physical inconsistencies such as the jump of the contact force at the beginning of collision or the traction force at the end of collision. Except the model proposed by Kuwabara and Kono [27] that is based on the theory of viscous-elastic continuum materials, the choice of the assemblages of nonlinear springs and nonlinear dashpots is, in general, arbitrary. Moreover, in some models the parameters do not possess clear physical meanings, and in this case a calibration procedure is needed to identify the parameters, i.e. the values of the parameters are chosen so that the numerical results fit the best to the experimental ones, for example, the models described in [4, 56] . It is worth noting that viscous dissipation models may be valid for viscous-elastic systems such as chains of polytetraflouroethylene (PTFE) balls, however they may produce some physical inconsistencies for the systems exhibiting mainly the plastic-elastic behavior such as chains of metal balls.
To our best knowledge, there are few models treating the plastic dissipation during the impact process. In [12, 33] , the local dissipation at contact points is modeled by a restitution coefficient defined as the ratio of the unloading force (during the expansion phase) to the loading force (during the compression phase). This model does not represent even qualitatively the plastic-elastic behavior observed experimentally: it includes a jump of the contact force at the end of the compression phase and the deformation is entirely recovered at the end of the expansion phase despite the fact that energy is dissipated during the collision process. Walton and Braun [57] introduced a bistiffness contact model to take the plastic dissipation caused by the normal interaction between two disks into account. Afterward, this bistiffness model has been used in many works, for example in the discrete element method for granular materials [32, 49] . This kind of normal contact model seems to be appropriate to model the plastic-elastic behavior. However, the parameters in these works are generally identified by a calibration procedure as in the case of spring-dashpot models.
Another multiple impact model, called "LZB multiple impact model", has been introduced recently in [29] [30] [31] . Similarly to the model introduced by Walton and Braun [57] , this model takes the compliance effect and the dissipation effect of elasto-plastic colliding bodies into account by a bistiffness compliant contact model. However, the bistiffness contact model is modified in such a way that it represents the nonlinear nature of the interaction between colliding bodies, for example Hertz's interaction. LZB model differs from other compliant models in the following points. Firstly, it is based on Darboux-Keller's approach [11, 26] to replace the time scale by the normal impulse scale. In this approach, the evolution of a system during impact is described at the impulsevelocity level rather than at the force-acceleration level as in other compliant contact models. As a consequence, the unimportant information for an impulsive process such as time, displacements and forces is completely filtered out from the model. It is worth noting that the latter information is needed in other compliant contact models (for example, spring-dashpot models), thus some numerical difficulties may be raised due to the stiff force-displacement relation at each contact point. From the point of view of impact modeling, DarbouxKeller's approach is consistent with the fact that, for a rigid body system, the impact duration can be considered as infinitesimal, during which the configuration of the system can be considered as constant. As a consequence, the change of velocities and impulses are important information to be determined. Secondly, the interaction at each contact point is described in terms of the evolution of energy rather than the force-displacement relation: during the compression phase,
